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Given two points P and () in high dimensional space R"™, given orignal point O, calculate the rotation
matrix R to rotate the vector OP to OQ).

Denote the unit vectors a = I\gg\l €R"and b = Hggl\ e R", A= [a,b] € R"*2,

Given an abitrary vector x, firstly decompose x into two pars:

=z, +zx (1)
where x| is orthogonal to the plane O P(Q and x| is parallel to the plane O PQ.
Derive that ¢ = A(ATA) ' ATw, @, = (I — A(ATA)1 AT ).

Because x| is spaned by a and b, it can be represented as: & = A1a + A2b, T can be represented
asx) = x — (A\a + \2b), where A1, A2 are subject to

AL, Ao :argminAl’)\QHw— ()xla—i—/\zb)H% 2)
L=]z—Ma+b)|i=zTz—222Tb+ 2\ aa’b+ N2 + )3 (3)
aaTL =-2xTa+2\ +20a’b=0= )\ + oa’b=a"x 4)

1
% =2xTb+2X+2Ma’b=0= Na’b+ Ny =blx (5)
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1 a®v] [M] _ [aTz
= {aTb 1 ] [AJ o [bT.'c ©)
= ATAN = Ax (M
where A = [A1, \g]T

=z = AX = A(ATA) " Az ®)
O

It is obviously that rotation only affects x|, and « ; remains unchanged. Thus the rotated vector 2’
can be represented as
=z, + a:fl )

Use a, b as basis to span a space O P, the matrix to rotate OP to O_Q can be represented as:
0 -1
[1 QaTb} (10)
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In such space a = A[1,0]7,b = A0, 1]7, suppose the rotate matrix in the O PQ space is Raxa,

then Roxo[1,0]7 = [0,1]7, Rox2[0,1]7 = [Ag, Mp]T

b’ = Xsa+ \pb
Suppose € is angle between b and a

b'b = A\bTa + M\b'b = N\ b"a + N, = cos() = ab”

a’t' = NaTa + \pa’b =\, + Xpa’b = cos(20) = 2cos(0)* — 1 =2(a’b)? — 1

= ars ) ] = P
Bﬂ B [Q;le}
= Raxa {(1) ﬂ = [(1) 2;le}

0 -1
= Raxz = [1 2aTb]

b
=

‘We can derive that

_ 410 -1 T g\—1 4T
x| = A [1 2aTb] (A"A) Az
Thus, ) i
0 -1 _ _
' =A 1 2a7b] (ATA) ATz + (I — A(ATA) ATz

The rotation matrix R can be expressed as:

(0 -1 _ _
Al] ot [(ATA) AT 4 T - A(ATA) AT
Al Lo AT A)-1 AT
=T+ A(|] 97| — T2x2)( )
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