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Let X ~ Pgata denote clean data and € ~ N'(0, I') denote Gaussian noise. The noisy state at timestep
t is defined as

X = Q¢Xp + 0t€, (H
where «; = «(t) and oy = o(t) are time-dependent coefficients.

Table [T| summarizes four equivalent denoising parameterizations: score, denoiser, noise, and velocity
prediction; Table[2] gives their deterministic linear conversions.

Parameterization Definition Training Objective

Score prediction []] So(Xt,t) = Vx, log ps(x¢) E[||so(x¢,t) + 0%”2]

Denoiser prediction [2] Do (x¢,t) = E[xo | x¢] E[|| Do(x:,t) — xo|’]

Noise prediction [3] €o(x:,t) = Ele | x4 E[||€q(x¢,t) — €]|?]

Velocity prediction [4]] vi(xt,t) = E[cuxo + ot€ | x4] E[||ve(x:,t) — (uxo + 5c€)]|?]

Table 1: Parameterizations for diffusion models. Weighting factors are omitted for simplicity.
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Table 2: Conversion formulas among the four parameterizations. Here A; = a6 — 0¢6y.

These relations show that different prediction targets encode the same denoising information. This
is useful because the ODE sampler has a particularly simple form under the velocity parameteri-
zation, i.e., dx = vy(x,t)dt. In Table [2} for score, denoiser, or noise prediction, we can use the

highlighted velocity column to convert their outputs into the corresponding ODE vector fields.
Special cases
We consider three special cases of the general parameterization:

* Flow models [4] with oy = 1 — t and 0, = ¢, yielding &4 = —1, 6, = 1 and A; = 1 (Table3);
* VE models [1] with a; = 1 and oy = o(t), yielding ¢y, = 0 and Ay = &, (Tablef);
¢ EDM models [2]] with oy = 1 and oy = ¢, yielding &; = 0,6, =1and A; =1 (TableE]);

Proof

We derive three pairs of relations among score, noise, denoiser, and velocity under x; = ayXg + o€,
which together yield Table[2]



(a) Conversion formulas (b) ODE formulations
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Table 3: Conversion formulas and ODE formulations for flow models with oy = 1 — ¢, 0y = ¢,
&y = —1,64 = 1, and A; = 1. The highlighted column in (a) gives the velocity form used to
derive the ODE formulations in (b).

(a) Conversion formulas (b) ODE formulations
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Table 4: Conversion formulas and ODE formulations for VE models with o; = 1, ¢; = 0, and
A; = 4. The highlighted column in (a) gives the velocity form used to derive the ODE formulations
in (b).
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Table 5: Conversion formulas and ODE formulations for EDM models with oy, = 1, 0y = t, & = 0,
6y = 1l and A; = 1 The highlighted column in (a) gives the velocity form used to derive the ODE
formulations in (b).

Noise-score relation

The conditional distribution of x; given x is
q(x¢ | x0) = N (%t | asxo, 02 1). )

Using x; — quXg = 04€ (Eq.@, its conditional score is

X — 4 Xg €
Vi, logq(x; | xo) = *% =T 3)
The marginal distribution of x; is
o) = [ pamalxaate | xo)dxo @
‘We have
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Using
V. q(Xt | X0) = q(x¢ | X0) Vi, log q(x | x0),

we obtain

Vi, log q(x¢ | xo)dxo

oty = [ Pl )
_ / p(%0 | %¢) Vi, log a(x: | x0)dxo
= IEXO|Xt [vXt 10g q(xt | XO)]
1

=——E .
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Recall that the optimal noise predictor is €*(x;,t) = E[e | x|, then

€ (x¢,t) = —oy8™ (x4, 1) ‘

Noise-denoiser relation

Using Eq.[I} we can solve for the noise as

Xt — aXp

Ot
Taking the conditional expectation given x; gives

x; — o E[xg | x¢]

Ele | x¢] = = .
Using the definitions
D*(x4,t) = E[xo | x¢], € (x4, t) = Ele | x¢],
we obtain
¢ (xn,t) = x; — apD* (x4, 1) .
Ot

Noise-velocity relation

Taking conditional expectation given x;, we define the velocity field

V*(Xt7t) = E[(jétXO —+ dte | Xt] = dtD*(Xt,t) + d’tE*(Xt7t),

where
D*(x¢,t) = E[xo|x¢], € (x¢,t) = Ele|x¢].

Substituting the noise-denoiser relation

Xt — atD*(xt, t)
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v (x¢, 1) atXt+Ut( » dt)€ (x¢,1)

Equivalence between the general EDM ODE Formulation and our a—o

parameterization
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We show that the probability flow ODE used in EDM is equivalent to our a—o parameterization.



a—o parameterization. We parameterize the noise process as
Xt = XQ + OE€, (22)
with the associated probability flow ODE given by

dXt & t

B o < _ ) so(x0,1). 23)

EDM parameterization. EDM introduces a time-dependent scaling of the noisy variable as

x; = s(t)xy, (24)
where the underlying noise process is defined in the normalized space as
Xy = X0 + 0(t)e, e~ N(0,1). (25)
The associated probability flow ODE is given by
% = %Xt — s?atdtvxt logp<:; at> . (26)

Proof of the equivalence. Applying the chain rule,

dXt S(t) d)A(t
— = —= t)—. 27
T @7)
In the normalized space, the probability flow ODE becomes (Table E] b))
dx . N
— = —010:Vx, logp(%ii o). (28)
Using the change of variables Vi, = s(t)Vy,, we obtain
dx . X
d—tt = —s(t)0:0+Vx, logp(s(;); O't> . (29)

Substituting into the chain rule yields Eq[26
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