Rademacher Complexity
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Definition 1 (Empirical Rademacher Complexity). Let G be a family of functions mapping from
Z 1o [a,b] and S = (z1, ..., zm) a fixed sample of size m with elements in Z. Then, the empirical
Rademacher complexity of G w.r.t the sample S is defined as:

Rs(G) =E [ o &s ] Z (1)

s sup —— sup— » oi9(%) ],
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where & = (01, ...,0m) |, with o;s independent uniform r.v.s taking values {—1,+1}. The r.v.s o;

are called Rademacher variables. Let ggs denote the vector of values taken by function g over the

sample S: gs = (g(z1), ~-ag(zm))—r-

Remark.

* The inner product o-TgS measures the correlation of gg with the vector of random noise o.

* The supremum sup,,cg = gs measures how well the function class G correlates with o over
the sample S.

.
o _8s

* The expectation on supremum E[sup g | measures on average how well the function

class G correlates with noise on the sample S.

Definition 2 (Rademacher Complexity). Let D denote the distribution from which samples are
drawn. For any m > 1, the Rademacher complexity of G is the expectation of the empirical
Rademacher complexity over all samples of size m drawn from D:

Rn(@) = E[Rs(9)]- @

Proposition 1. For any 6 > 0, with probability at least 1 — 6, the following holds:

~ log 1
R (G) < Rs(G) + (b—a) ;if
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Proof. Let S and S’ be two samples differing by exactly one point, say zy, in S and 2/, in S’. Then,
we have

N 1 m
Rs(G) = —E sggZazg 2 ] @)
g =1
1 r m—1
=—E sup Z ng Zz + Umg( ) + Umg(zm) - ng(Z;n)‘| (5)
me qeg =1
1 [ m 1
< LE|sup 3" oug(er) + omg(ch)| + L E [supam (9(zm) — g(z;n»} ©)
mo |9€9 12; mom | geg
~ b—a
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Similarly, we obtain S)A%S/(g) < S/)\%S(g) + 2= thus |§%S/(g) - ﬁs(g)| < b=4 Then, we use

m

McDiarmid’s inequality to have Eq.(3). O



Theorem 1. Let G be a family of functions mapping from Z to R. Let IES[ (2)] denote the empirical
average of g over S : ES[ ()] =21 L3 9(z).

E sup [Belo(2)] - Elg(2)]| < 29,00 ®

S |geg

Proof. Fix S = [z1, ..., zmm], the term in the expectation on the LHS of Eq. (8) is

sup [Eslo(2)] — Bly(=)]] = sup [; i o=1) - E[g(z)}] ©
= sup l; ggw ~Es % gg@m] (Elg] = Es/[Es[g])
- Loup |5s égw) - g(z;>H (10)
< %]ES/ Egg i g(z) — g(zg)] (sub-add. of the sup.)

Sub-additivity of the supremum functions: sup(U + V) < sup(U) + sup(V). Similarly,
sup(Ex[f(X)]) < Ex[sup(f(X))]. Now, take the expectation over .S for both side :

i 1
3 o Bt - 200 < T8 [0 an
1 ™ )
“msSe [322;02' (g(zi) g(zi))] (12)
< ESEO' [zgg;mg zi) | + ESI/E Zgg; —0i9(z ]
(0; g —0;)
= 2R,,(9) (13)

Eq. (T2) holds because o;(g(zi) — g(2/)) £ g(z:) — (=), since g(2;) — g(=}) and g(={) — g(z.)
have symmetric distribution. O

Theorem 2. Let G be a family of functions mapping from Z to [0,1]. Then, for any 6 > 0, with
probability at least 1 — 0 over the draw of an i.i.d. sample S = [z1,...z;,] of size m, each of the
following holds for all g € G:

~ log %
Elg(2)] < Bslg(2)] + 2%(9) + 1/ - (14)
m
~ log %
Elg(2)] < Bslg()] + 2Rs(9) + 3] 5o (15)
Compared to Theorem|[2] we can rewrite the above as
sup [Elg(2)] - Bslg(2)]] < 200,(0) + | 252 (16)
=Y 2m
Proof. The proof uses McDiarmid’s inequality to function ® defined for any sample S by
o(5) = sup (Elg] - Eslg]) - a7



Let S and S’ be two samples differing by exactly one point, say z,, in S and 2/, in S’. Then, since
the difference of suprema does not exceed the supremum of the difference, we have
/
~ -~ m) — 1
B(S') — B(S) < sup (]Es[g] —ES/[g]) — gup Lm) —9Gm) 1 (18)
geg 9€G m m
Similarly, we obtain ®(S) — ®(5') < L, thus [®(S) — ®(S’)] < L. Then, by McDiarmid’s
inequality, for any 6 > 0, with probability at least 1 — 4, the following holds:

8(5) < B[o(s)] + |/ 52 (19)
- s 2m
We next bound the expectation of the right-hand side as follows:
E[0(S)] =  [sup(Els) - Bs(0) 20)
S S g€eG
~ & [sup ElE(5) ~ Es()] (Elg) = Es B lol)
S lgeg S
< E {sup(ﬂis/ (9) — Es(g))} (sub-add. of the sup.)
S,S’ geg
1 m
= E | =) supg(z) —g(z) 1)
1 m
= E |—) supoi(g(z i 22
JE lm;geg (9(21) — g( ))1 (22)
1 & 1 &
< E |—=) supoig(z))| + E | =) sup—oig(z (sub-add. of the sup.)
o,S’ lm ;geg ( ) oS |m ;geg ( )
= 2R,,(9) (—o is Rademacher r.v.)
In Eq.(22)), we introduce Rademacher variables o; which do not change the expectation appearing in
Eq.@: when o; = 1, the associated summand remains unchanged; when o; = —1, the associated

summand flips signs, which equivalent to swapping z; and z] between S and S’. Since (z;, z;) and
(2%, ;) have the same joint distribution, this swap does not affect the overall expectation. Substituting
it back into Eq. and using the definition of ®(S), we obtain

~ log 5
_ < o6
sup (Blg] ~ Bslg]) < 29t (9) +1 5 - 23)
Obviously, Vg € G, we have:
~ log %
Elg(2)] < Bslg(=)] + 28 (0) + || )
Using Proposition we have R,,(G) < Rs(G) + l(;if. Then,
~ -~ log %
Elg(2)] < Es[g(2)] + 2Rs(9) + 3/ -~ (25)
O

Lemma 1. Let H be a family of functions taking values in {—1,+1} and let G be the family of
loss functions associated to H for the zero-one loss: G = {(x,y) — 1[h(z) # y] : h € H}. For
any sample S = ((x1,Y1), -+, (T, Ym)) of elements in X x {—1,+1}, let Sx denote its projection
over X : Sx = (x1, ..., Tm). Then, the following relation holds between the empirical Rademacher
complexities of G and H.:

1~
NRs(G) = 59{59( (H). (26)



Proof.

~ 1 m
Rs(g) = —E ,fggzaiﬂ[hm) # yi]] 27)
i=1
1 ~ 1 h(zi)yi
- —F ; 28
i [sp 2 0 ] e8)
11 -
=5, E ngg ;(—yioi)h(xi)l (29)
1~
= S %5 (W), (30)

where we use the fact that 1[h(x;) # y;] = % and the fact that for fixed y; = {—1,+1},
(—o;y;) are also Rademacher r.v.s. O

Theorem 3. Let H be a family of functions taking values in {—1,+1} and let D be the distribution
over the input space X. Then, for any 6 > 0, with probability at least 1 — 0 over a sample S of size
m drawn according to D, each of the following holds for any h € H.:

~ log &
R(h) < Ris(h) + R (M) + ] 22 (31)
~ ~ log %
R(h) < Rs(h) + ms(’H) +3 o (32)
Proof. The result follows immediately by Theorem 2]and Lemmal|[T] O

Remark. The second bound is data-dependent: the empirical Rademacher complexity 5\%3(7-[) isa
function of a specific sample S.

Proposition 2 (Talagrand’s Lemma). Let ®4, ..., ®,, be [-Lipschitz functions from R to R and
01, ..., Om be Rademacher variable. Then, for any hypothesis set H of real-valued functions, the
following inequality holds:

lIE lsup Z o;(®; 0 h)(%)] < %IE

mo | hen -

sup Y aih(xi)] = IRg(H). (33)

[ et
In particular, if ®; = ® for all i € [m), then the following holds:

Rs(® o H) < IRs(H). (34)

Proof. First we fix a sample S = (z1, ...z, ), then, by definition,

sup Z oi(®; 0 h)(z;)

heH i

1
—E
mo

_ 1 [E [supum1(h)+am(<1>moh)(xm)”, (35)

Morm—-1 |Om |heH

where u,—1(h) = ZZ’;I = 0;(®; o h)(x;). By the definition of the supremum (s = sup A, then
for any € > 0, da. € A s.t. ac > s — €.), for any € > 0, there exist hy, ho € H such that

Um—1(h1) + (P 0 h1)(Tm) > (1 —€) {225 Um—1(h) + (P, © h)(xm)} (36)
Um—1(h2) — (P 0 ha)(zm) > (1 —€) [222 Um—1(h) — (P, © h)(mm)} (37)



Thus, for any € > 0, by definition of E,_,

(1—¢eE [sup Up—1(h) + o (P 0 h)(24,) (38)
Om | heH
1 1
=(1—¢) [2 sup [tm—1(h) + (P 0 h)(xm)] + 5 Sup [Um—1(h) — (P, 0 h)(z1,)] 39)
heH heH
1 1
<5 [um—1(h1) +(Pm 0 ha)(@m)] + 5 [um—1(h2) = (Pm © h2)(2m)] (40)
Let s = sign(hy(zm) — ha(z.,)). Then, the previous inequality implies:
1 .
=5 [um—1(h1) + tm-1(h2) + Pr (R (m)) = P (h2(2m))] (rearranging)
1
§§ [tm—1(h1) + Um—1(h2) + sl(h1(xm) — ha(zm))] (I-Lipschitzness)
1 1 .
=3 [Um—1(h1) + slhi(zm)] + 3 [tm—1(h2) — slha(Tm)] (rearranging)
§1 sup [tpm—1(h) + sth(z,,)] + 1 sup [um—1(h) — slh(xy,)] (definition of sup)
2 hen 2 hen
=E |sup tm-1(h) + O'mlh(.%‘m)] (definition of E)
Im |heH Om
Since the inequality holds for all € > 0, we have:
E |sup upm—1(h) + o (P, 0 h)(azm)] <E {sup Um—1(h) + omlh(zy,) 41)
Im |heH Im |heH
Proceeding in the same way for all other o;(i # m) proves the lemma. O

Proposition 3 (Extending Talagrand’s Lemma to Vector Valued Functions). Let H be a hypothesis
set of functions mapping X to R®. Assume that forallt =1,...,m, U; : R® — R is u;-Lipschitz for
R€¢ equipped with the 2-norm. That is:

W (x") — Wi (x)| < [|x" = x|z, (42)

Sor all (x,x') € (R°R). Then, for any sample S of m points x1,...,x,m € X, the following
inequality holds

1
—E
mo m €

hecH i—1 hcH i=1 j=1

m 2 m (&
sup Zaﬂi(h(mi))} < V25 | sup SO eijpih(a) | (43)

where € = (€;5); ; and €;; are independent Rademacher variables uniformly distributed over {1, —1}.
In particular, if U; = U for all i € [m], then the following holds:

N 5
Rs(PoH) < %ﬂms("ﬂ), (44)

Proof. First we fix a sample S = (x1, ..., Z,, ), then, by definition,

_1 g []E {sup Uml(h)—i—amllfm(h(xm))”, (45)

MOo1,--,0m—1 |[Om heH

sup Z o9, (h(x;))

heH =

1
—E
mo

where U,,,_1(h) = Z:’;l o;P;(h(x;)). Assume that the suprema can be attained and let hy, hy €
‘H be the hypotheses satisfying

Un—1(hy) + U, (hy(z,)) = }sllelg Upm—1(h) + ¥, (h(z)) (46)
Un—1(hg) — ¥, (hy(z,,)) = ksllelEL Un-1(h) = U, (h(zy)) 47)



When the suprema are not reached, a similar argument to what follows can be given by considering
instead hypotheses that are e-close to the suprema for any € > 0. By definition of expectation, since
Om is uniformly distributed over {1, —1}, we can write

UIEL 21617[-)[ Un-1(h) + 0V, (h(z)) (48)

= L sup Uy (B) + W (B(a)) + 3 sup Uy (1) — () 9)
heH heH

= 5 U1 (02) + Wi (s ()] + 5 U1 (02) = Wi (b)) (50)

= 5 U () + Uy (2) + Wi (b () = W (1)) &

< 5 U (1) + Uy (02) i [ ) — b )] 52

<5 [Unca () 4 Unah) oV, B (1S ey () = oy (am))| | | 53)

j=1
where we use the p,,-Lipschitzness of W, and the Khintchine-Kahane inequality. Let €,, =
(€m1s s €me) and s(€,) € {1, —1} denote the sign of >=7_, € (h1;(2m) — h2;(2m)). Then, the
following holds:

E |sup Uy —1(h) + O'm\I/m(h(irm)):| (54)
om |heH
1 C
< ieE Upn-1(hy) + Up—1(hg) + ,um\/§ Z €mj(h1j(Tm) — hoj(Tm)) (55)
| =
1 : .
=5 E |Un-a1(hi) + [ V/25(€m) Zl €mjh1j(Tm) + Um—1(ha) — fimV25(em) 21 €mjho;(Tm)
L 1= =
(56)
1 - -
< B |sup | Upn_1(h) + pmV2s(€,) Z €mjhj(xm) | + sup | Up—1(h) — fim V25 (€ ) Z €mjhj(Tm)
2€m heH =1 heH j=1
i (57)
i C
=K E sup Um_l(h) + Hm \@Um Z €mj hj (xm) (58)
€m | Tm | heH i=1
=E [sup Up—1(h) + Mm\/iz €mjh;(Tm) (59)
€m | heH ;
Jj=1

We have the last equality as the product of two independent Rademacher variables (o, €,;) is still
Rademacher variable. Note that E[e;e;a] = 0 for fixed a, but E[sup,c 4 €;¢;a] # 0. For example, if
A= {1,-1}, E[sup,c 4 €i€ja] = 1. Proceeding in the same way for all other o;s (i < m) completes
the proof.

O

Rademacher Identities

Fix m > 1, for any @ € R and any two hypothesis sets 2 and ' of functions mapping from X" to R,
we have:

(@ R (aH) = |a|Rn(H),
where o = {ah(z)|h € H}.



(b) R (a+H) =R (H),
where a« + H = {o + h(z)|h € H}.

©) Rn(H+H') =Rn(H) + R (H'),
where H + H' = {h(z) + h'(z)|h € H,h € H'}.

(d) Ry, ({max(h,h')|h € H,h e H'}) < R (H) + R (H).
max(h,h') :  — max(h(zx), h'(z)).

Fixx € R" and let ¢ = (04, ...,0,,) | with o;s be Rademacher variables, Then:

1
) [[x[lz = [Eo(o"x)?] 2.
(f) Khintchine inequality.

1
Apllxlla < [Eolo"xP]” < B,|Ix]2
where
21/2-1/p if 0 < p < po,
1 .
Ay =912 (p (22 /ym) " ifpe <p <2, (60)
1 if 2 < p < o0,
i B 1 if0<p<2, 1)
an =
P 2v2 (0 (2 fym) P if2 < p < oo

po ~ 1.847 and I" is the Gamma function.

Let H; and Hs be two families of functions mapping X to {0,1} and let H = {h1hs : hy €
Hi,ho € Ha}, Then:

(@) Rs(H) < Rs(H1) + Rs(Ha)

Proof. We proof the equalities for empirical Rademacher complexity over a sample S, then taking
the expectation yields the claimed results.
(a) For fixed sample S, we have

- 1 &
Rg(aH) =E |sup — » oiah(z;)| = |a|E
7 |hen M =] 7

1 ~
— oisign(a)h(z) | = [a|Rs(H). (62
sgpm;:la&gn( ) (x)] || Rs(H). (62)

Note that o;sign(«)s are still Rademacher variables and sup cA = c¢sup A if ¢ > 0.

(b) For fixed sample S, we have

Re(a+H) = IE [:161713 % ; oila+ h(xz)]] (63)
1 m m
= IE lma ; oi| + IE ZLGI?F-)[ - ; aih(xz)] (64)
= Rs(H) (Eo[Y; 01 = 0)
(c) For fixed sample S, we have

Rs(H+H') = IE lheslflz]?ew - izzlal (h(z;) +h (:cz))} (65)

1 — 1 — ,
= IO_E |f311€17}1 ooy - i (h(xl)) + hSéIE/ m ; o (h (wl))‘| (66)
= Rs(H) + Rs(H) (67)



(d) Fix sample S and use the identity max(a,b) = [a + b+ |a — b|], we have:

(max (H,H') (68)
=3 o; max (h(z;), b (z; (69)
[H H,m; (). ()
=E su oi= (h(x;) + A + |h(x;) — A (x4 (70)
aLempH,mZ () + h(a) — A >|>]
_! [A ) + R ( )} + 1]E _sup e i(ﬂh(x) — B (z;)] (using Eq.(67))
2 S S %o o T — 7 7 i .
<1 [A /)} + 1IE -sup — Za x;) — ol (z;)|  (¢(t) = |t] is 1-Lipschitz)
=9 S %o h hm i [ i i
1 ], L [ 1 1 & ,
== “E |sup — SE [sup— S (—oi) (2 1
5 [ s(H )} + Y- s%p ;al x) | + 52 sup — ZZ;( o;i)h (3:1)1 (71)
= SAQS 5 7-[ ) (—o;s are Rademacher r.v.s)

(e) Recall that E[o;0;] = 0if i # j and E[0?] = 1, we have

1

[EU(UTX 2

i#]

Zml} :[ZE[U?M?—}—?ZE[Q@]@%] =|x|l2. (72)

(g) Note that for a, b € {0,1}2, we have ab = max(0,a + b — 1). Then,

~ 1 U
Rs(H) = —E sup Zaihl (xi)hg(mi)] (73)
mo h1€H1,ha€H2 i=1
1 m
=_—E sup Y oymax(0, hy(;) + ho(x;) — 1) (74)
M | hyeHi,ha€Ho i=1
Let g(t) = max(0, ¢ — 1) which is 1-Lipschitz. Using Talagrand’s Lemma, we have:
~ 1 lis
Rs(H) < —E sup Zai(hl(ﬂfi) + ha(x;)) (75)
mo h1€H1,ha€H2 i=1
= Rs(H1) + Rs(Ha) (76)



