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Lemma 1 (Log-Sum Inequality). For ai ≥ 0 and bi > 0, then
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ai log
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. (1)

Proof. Let f(x) = x log x, which is convex since f ′′(x) = 1
x > 0 for x > 0. Set λi =

bi∑︁
j bj

and
xi =

ai

bi
. By Jensen’s inequality, ∑︂
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λif(xi) ≥ f
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λixi

)︄
. (2)

Substituting gives Eq. (1).

Theorem 1. For discrete probability distributions p = (pi) and q = (qi),

DTV(p, q) =
1

2

∑︂
i

|pi − qi| =
1

2
∥p− q∥1, DKL(p||q) =

∑︂
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pi log
pi
qi
. (3)

Then,

DTV(p, q)
2 ≤ 1

2
DKL(p||q) (4)

The inequality also holds for continuous distributions. For simplicity and clarity, we present
the proof for the discrete case.

Proof. Let
A = {i : pi ≥ qi}, a =

∑︂
i∈A

pi, b =
∑︂
i∈A

qi. (5)

Then DTV(p, q) = a− b. By Log-Sum Inequality, we have∑︂
i∈A

pi log
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qi

≥ a log
a

b
,
∑︂
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pi log
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qi

≥ (1− a) log
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. (6)

Then,

DKL(p||q) ≥ a log
a

b
+ (1− a) log

1− a

1− b
. (7)

For fixed b, define

g(a) = a log
a

b
+ (1− a) log

1− a

1− b
− 2(a− b)2.

We have g(b) = 0, g′(b) = 0. Moreover,

g′′(a) =
1

a
+

1

1− a
− 4 =

1

a(1− a)
− 4 ≥ 0,

since a(1− a) ≤ 1
4 . Thus, g is convex and attains its minimum at a = b. Therefore,

a log
a

b
+ (1− a) log

1− a

1− b
≥ 2(a− b)2.

Substituting gives Eq. (4).


